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INTRODUCION

we have shown (1,21 that orthoqonal collocation is suitable

not only for the solution of linear diffusion problem but also

for simulation of two-dimensional models. Thus. it is possible

to simulate edqe effects an electroanalytical experiments usinq

this fast and flexible numerical technique.

Cyclic voltametry is one of the most c lonly used

electroanalytical methods and it miqht be of considerable

SIMULATION Or EDGE EFFECTS IN ELECTROANALYTICAL EXPERIMENTS interest to calculate the effects caused by edge diffusion on the

BY ORTOGONAL COLLOCATION. PART . THEORY FOR i/E-curves. Lines and Parker (3) have observed an increase of

CYCLIC VOLTANMETRY aep when using microelectrodes and attributed this to edge

effects, a conclusion which was confirmed by theoretical

calculations by Heinte (4). Speiser and Rieker I5) found
S. Speiser and Stanley Pons dramatic chanqes in cyclic voltammograms of 2.6-Di-t ert butyl-

Department of Chemistry
University of Alberta 414-dimethylaminophenyll-phenol I in unbuffered. neutral
Edmonton, Alberta, Canada
T6G 2G2 acetonitrile when decreasinq the electrode area from 0.29 cm2 to

0.0022 cm 
2  

These experiments have also been explained in terms

of' *ge diffusion. Up to now, however, it was not possible to

almvlabe-the complex mechanim describing the oxidation of I

under the conditions of a finite circular disc electrode.

This paper expands the theory of two-dimensional orthoqonal

collocation to cyclic voltamemtry and mechanima as complex as

the oxidation of 1. It will only deal with the mathematics of

the method. while a complete numerical analysis showing the

usefulness of the derived equations will be qiven In part 4.
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This partition has been used because the analysis (which has to

be done to validate the new two-dimensional collocation method) where t IS time and x and r are the distance coordinate

requires the discussion of many parameters. we point Out, perpendicular to the electrode and the radial coordinate

however, that this has to be done only once, while extension to respectively. The total diftusion is expressed As

more complicated mechanisms is obvious. Also, research on a superimposition of a linear and a cylindrical term.

comparison of the experimental results with I and numerical For species B and C equations (4) and 4S holdi

simulations is under way.

INITIAL AND BOUNDARY CONDITIONS 2 .3jj-J c, (4)

The initial and boundary conditions have been given by --

Nicholson and Shain (6) and used by Speiser and Rieker (?) in the

contest of orthogonal collocation for linear diffusion. Pons (8) 1

simulated cyclic voltammograms under spherical diffusion .
-

conditions using orthogonal collocation. For convenience the diffusion coefficient of all species is set

For simulation of edge eltects we employ our two-dimensional equal to 0.

model of a finite. circular electrode of radius r
0 

ilbedded into we assm that A is the only species present i the solution

an insulator body (1). The radius ot the insulator may go to at the beginning of the experiment. its concentration being cl.

infinity. Thus, the initial conditions are

We assme an EC mechanism.

t=0,,- W*1 O,1 , ,,
- %C CA Ur 0)s 1A (6

where the diftusion controlled electron transter is described b y

the formal potential, E-, and the number ot transferred g At a distance tar fram the electrode no concentration changes

electrons, n. The chemical step (2) proceeds with a rate take place during the experiment. This yields the boundary

constant k. conditions at s - - and r -

Vick's Second law for it-m substrate A. take. time t.10 * 5, e -to 9-,, c(5-W.. C^' S

I t Its lr I-

I -

/:

I(
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. a& ,.hOpr here F. R and T have their usual meaninq , tart is the starting
potential of the scan. t the t .C when the scan is reversed. a

, (11) the number of the present scan. A cycle consists of two scans.

Finally a is qiven by

At the electrode surface the concentrations of A and 8 are qiven 4 fLi

by (12) and (131. while (141 holds for species C: -T (Ill

. . , ( () - - i 1where v is the scan rate. dE/dt.
ROC1*p ),M. "ere is no redos reaction at the insulator and hence no

flux throuqh this surface. Thus

t 

(14T
Ir=.0

At r - 0 there must be no flux in r-direction because our model

is symmetric around r - Or
tquation 413) reflccts the special features of cyclic voltammetry

Alt

and
It is convenient III to divide the space in the r-direction into( I, [(wr 4).t ] Ie n- 4tf -A)4 two parts. inside and outside of r0. The Concentration may be

SA{t)1 k ws4j,2 (16) described by cl and c
2
. respectively. The two concentration

[,,*-.I- &j, 4j
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functkns have to fulfill the conditions (20) and (21) at r -r 0

for all species. $Ptfr 429a)
t -9, )g *o, ra r,:

(20) To (29b)

t . % ~ r¢ (21) 30

kz, l at C L. C. (311

TRANISFORM(ATION TO A DIMENSIONLESS PROBLEM

Here X is a dimensionless distance perpendiculer to the
Equat ons (3)-(22) are transtormed into a dimensionless electrode, L is a distance fro the electrode defined such that

problem by diffusion effects ame negligible at all times the c
° 

ace

dimensionless concentrations, R and R' are dimensionlesa

x /l (221 coordinates in r-directiOn for the inner and outer functions

respectively, While N is defined as L escept It is a radial

Cz - (23)distance from the center of the electrode. The symbols?' andsa

denote the dimensionless simulition time and rate constant

(24) respectively.

¢. € : t25) Thus, we get the dimensionless differential equationsa

( z 4 .27)

)B',5 CL 1
*

)ce / (A,, NO 

Ou

/



two dimensionless paraMeters, here 0 and " W e param"ter S' 1a

__I" ,* ~given by exerimental psaakvI*rs and thus th simulation will

it a4 A( 34) depend on eae.g. ona.

The transformed initial and boundary -onditlona are given

by

. -2! 
1" (4 1 )

r,, : - W CR 

(

, 
36)

3r 7 •, It- istn alTt,-~ !lt, . eT =(5
2V C r s C- 1 PC. (37) 43

(44)

were a Is given by T),1s,61A

1A'tbgs~(A Wr) - 0('

V contains only experimental parameters T'#.,o e xs n d :

6' / /'" , (1,,'- c;,I~'): o (45)

and

As/ U I * inK 
0 .th a 

ftecrna- 
(,,,

M in the came of the chronoaepero~etric simulations til we have

I '

(_
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(521 APPLICATION OF iS-DIIENSIONAL COLLCATION

As in the case of chtonciaeperometry [11 we have to solve the

I system of second order partil cltfferential equations 412)-(37)

( C44 4Sg (3) uander the conditions (411-4611 to get the dimensionless

\T 9 htconcentrations of species A, B and C as functions Of X, 3 (R')
Tr',.) Xs. O% q.I4: and T ,. We use the two-dimnsiOnal collocation method outlined

z =I--- * ) in part I of this series III to 4iscretise equations (321-(371

Me X-1 . (ax \ 1X/x' T-\ :* with respect to the grid of coilocation points (*. ) in the

"T, €.:. @ @ , 4 .,,. K/A- space.r'-c (~ , ) ,+.,,.C- d4 . (S5) We have shown (11 that the first and second derivatives of

the oncentration with respect to x and r respectively at a

Collocation Pointt l~,k may be expressed as

C;4(VATr') m C 0,T') (57) It

*1,,..;€,,+ ,, '" ',,. ",,+̂*+': "

/ , . .,---
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elk/ r , .(0,1a"isL i L oa

C&A

whetre W. and a. are the numbert of interior Collocation Points C"'./ (Gotr

(chosen as the roots of an orthogonal polynomial 191) in the x 1A

and r direction respectively avd Ajj. %i.j' Cl,t and 
0
1.k are ft , r; .) +.E,

elements of matrices. The numerical values of those elements Pt AU.7p9E ( .r L~' 3 J4dC
depend only an lbs degree and) kind of the polynomial chosen for

collocation 110). Thus, if the matrix elements have once been 4 ( )T (69)

calculated they may be used for any problem. The deqree of the

Using equations (421-(45) we may discr*tlze the partial

differential equations (321-0l7) in term Of the concentrations * I
at the collocation points. It we introduce the boundary ( 4 4 170)

conditions (43)-(40) im arrive at equations 166)-(71). !

IC;;

- - ~- - - -
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~ ~"~ie~('jt'.)1 171) Th.!a ar. Ilii
wit *'4t +(

ero 4 * x , . '

a, '1C417 fr,

primed mtrix elements correspond to the outer

discretization function. As in th case of chr-ouloaslperoeetry w

hav, to substitute impplicit equations (or the unknown

an~taie G. the ,ona~s h acltoso h xT:. ~

C (11 .0.1') C)(X.i.Y.). cl(xp..V) c (f.Ra.T') and '( L.fl .M* 4 '
i~Oll* s esssntiauly the am. as for chronoaamperoeetrtc Dlwt4l

Prit atiions.ocorspn t heoteconcentration at , , the boundarie .The cacuaton o the ' Of,AT ; ac),.

- -- and we rt to pr I of ti Ii II fo the
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c~~~(x,(79) cr(xe1 ' .: C c44),c ,* (84)

and

A 4= C.. %Mat. Cc .(c Ce-,t (85

'et4

- -c- ( , , 'A.*~t'1) (T)hm values Of C,%l(ORkT' and CR3 )0.RkT) may be calculated
A.. .09, t 2l- A .* 1  from equations (49) and (SO), yielding

A ,, R S (T9

P1.t4V a (061
CL (01 0.y --- E A . (i ' (82) A4.j* * A. j.IT1ak~aTIj (

and A4r

11.#4 C';- -0tj A.A*spa(Ttj

A en (87)

No. we say substitute (741-(87) into equations tGS)-(71) which

gives us finally the discretlzed equations describing the time

with dependence of the concentration of all three species A and C

at the collocation poinfs.

'--5

NO e( ulttt 71l7 it qain t)|l hc



Fr oc (66) it olows using (74) (77) and (86) 
similarly (68) gq es With (76). (79) and (80)

06.4 A

A C~ f4 K - Z

[A.,... I

where For the outer function describing the concentratton

species A it holds from (69), (77), and (81)

I -(89) g )

and

I t M Co bine (67) with (75), (78) and (87), e get 
E.uations (70), 178). and (82) combine to i!v e

[A, 4 x, **, T

-I C
,. =n 

l 
-7-)- ,lan 

(8llyiel

(94
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I a functions, while the outer functions are the same both for the

models of cyclic voltammetry and chronoamperometry.

G. Lf _ 44 ' # CALCULATICH OF THE CURRENT

(951

Also, the calculation of the current ii fully analogous to

that perforbed for the chronoamperometric model. Aqain we have

where we used
to inteqrate the flux over the part between 0 and r

e 
on the r-

96) 
Iaxis

and a

L'CI~~~N+C F .D ITransforminj the right hand side of equation (961 into a

,.. L 4 T% i97) dimensionless form we get

A

Thus, the system of 6 second order partial differential I99)

equations (321-137) has been Converted into a sot of INX(N , O

MR.) simultaneous ordinary differential equations, (88) and (91)- or, using Nicholson and Shain's current function (61

(95). After integrating this set we 
9
et the concentrations of

species A. B and C at the collocation points (X
1
.R

k ) 
and (Xi. 4

Rk. as a function of the simulation time I. _ ) (100)

One of the distinctive features of the orthogonal A' w

collocation approach can be seen from a comparison of equations

(55) and 191)-(95). ?hose formulae are very similar from a The integration may be performed exactly by a quadrature method

structural point of view. rurthermore, compared to the (ll, for we know, the derivative c /XI.
0 

at all collocation

expressions demcribinq the model of a chronoamperometric points

experiment (ll there are only few changes in the inner

It



22 2)

-- + C A>>4 /A..

N..4 taweralr a =

A4, i 1. T -4.1 1SZ 7,A 4, ( With our two-dimensional simulation model it is n possible to

where the elements of the vector 0( depend only on the derLe 4nd include the effects of a finite disc into the calculations. This

kind of the trial function in r-direction. may also serve as a further example for the application of

orthogonal collocation to electroanalytical problems. In this

MODEL IECHANISM FOR OXIDATION OF I paper we show the derivation of the espressions for dcl/dT* for

the species involved, while the comparison with experimental

It has been shown 112,13) that the oxidation of I (denoted results will be reported in part 4 of this series.

as A) may he described by an ECE-type mechanism, where protons The kinetic diffusion equations for the above model

released after the oxidation step are picked up by unoxidized mechanim in dimensionless tom are

phenol molecules giving the protonated form of I, HA*. Thu

latter Is oxidized at sore positive potentials releasing two PC.,. V.A f.f

protons during reaction. The and product of both reactions is (102)

the stable Phenosentui cationl, E which is most probably forsed

trfrt the neutral phenoxy radical. C, in a homogeneous redox S.4 lj " ,

reaction between C amd the primary radical cation 0 113). The L-i -a- * R'

intermedtate D was not oxidized further. The observation Ot I 103)

hanges in vlt..mmogras of I with electrode size has been

Attributed tO the protonation reaction A-.HA which causes a 4

ptenol-tee layer in front of the electrode 15). The time after J af OR
which phenol again reaches the electrode surface is decreased if 1 41041

more substrate diffuses into this layer dueto edge effects.

.ew a

H *

I

I/ l - 1I
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(106)F77.op 
(tl

(107 iF -4 ;

(106) P

(10)

11111)

at All AL117

v11~
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2

(wkeOIA/ s deitned in analoqy to OA/I

In Addition to the initiAl conditions (41) nd (42) wDn

assume

C.LI,3,o) . a..) C0 (xo , C((. x'.0) :z
W 9)

The boundary conditions include now 'X*o K~~ 16

op.dJ~.' c" .14t')a t, (4.t *r . (1201. a 
(12

(I . I - 0
A' +, 0. 6 W4A

c +f Z~r,) • , , .12L)+

0A m

11221 x(R24 [D,. (120)T")..yo) 4411t $Ao,+ ,At'o

l 2 
T

i- -j -. . . .)x -0 1123)

0. (124 v+ 0 T' 4,T,1
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CA (XDgT') a C064(,4,71) (131) initial conditionls (411, 142) arid (11()) and the boundary

conditions (43)-i5O), (54)-(611 and (120)-(171 has to be solved.

Cq (X,r'J - r' (A4,T') After proceeding in the sam mnner as for the E mecehans.

(132) we arrive at

(130)

Now, the set of equations (102)-, ii5) in .. onne.tion with the ,- lll
- l ( 1  

s-'r j .

S

•k" ei 1119

C;.
A (131 *S

7-ieo-Xito - -
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- j e'cP. (1411 7k (1isu501m.& ~ .. ~c

(1144)
%TI 41 I l l

~N S91Y..tic'~ C .,t~81  se. t(145)

Agaln, the close re emblance of all expres ln may be noted.

the current function In this model is determlned by the fluxes of

.1~ A. HA* and C to the *lectrode

a~~~~~~~ [- ='k :| b4(O |5

z (TOV AW Au ,, 2 ZQ. ',
iA

a

(147) a

.. ,~ ~mac4 ~~ .o~A~v) A..i:..... .. t

Uto, a.
+4a

0 ('(4)(O " ,T ,C'N

a.'..'.~ ~ ~~ ~ ~~ A- . -. ~ ~- - - -- - - - - - - - - - .
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